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THE HEAT KERNEL WEIGHTED HODGE LAPLACIAN
ON NONCOMPACT MANIFOLDS

EDWARD L. BUELER

ABSTRACT. On a compact orientable Riemannian manifold, the Hodge Lapla-
cian A has compact resolvent, therefore a spectral gap, and the dimension of
the space HP = ker AP of harmonic p—forms is a topological invariant. By
contrast, on complete noncompact Riemannian manifolds, A is known to have
various pathologies, among them the absence of a spectral gap and either “too
large” or “too small” a space HP.

In this article we use a heat kernel measure dy to determine the space of
square—integrable forms and to construct the appropriate Laplacian A,. We
recover in the noncompact case certain results of Hodge’s theory of A in the
compact case. If the Ricci curvature of a noncompact connected Riemannian
manifold M is bounded below, then this “heat kernel weighted Laplacian” A,
acts on functions on M in precisely the manner we would wish, that is, it
has a spectral gap and a one—dimensional kernel. We prove that the kernel
of A, on n—forms is zero-dimensional on M, as we expect from topology, if
the Ricci curvature is nonnegative. On Euclidean space, there is a complete
Hodge theory for A,. Weighted Laplacians also have a duality analogous
to Poincaré duality on noncompact manifolds. Finally, we show that heat
kernel-like measures give desirable spectral properties (compact resolvent) in
certain general cases. In particular, we use measures with Gaussian decay
to justify the statement that every topologically tame manifold has a strong
Hodge decomposition.

1. INTRODUCTION

The Hodge—de Rham theorem for a compact Riemannian manifold M relates the
geometrically—defined spaces of harmonic differential forms on M to the topologi-
cally—invariant cohomology groups. A self-contained treatment of the theorem is
given in [Wa]. Extensions of this simple relation to noncompact manifolds have
been an area of active research for several decades. See, for example, [Ga], [AV],
[deR], [Dod], and [EF2].

In this article we will develop an extension of Hodge theory to complete ori-
entable Riemannian manifolds M which uses a heat kernel measure as a weight in
determining the size of the space of square integrable forms and to determine the
relevant Laplacian operator. We will define this operator in Section 2, so for now
we merely outline it.

Let (M™,g) be connected, oriented, and complete. Choose ¢ > 0 and zy €
M, and let © — pi(xg,x) be the associated heat kernel. By definition, p is the
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fundamental solution of the ordinary heat equation % = —/Au on functions. The
heat kernel p is unique if we assume that the Ricci curvature of M is bounded
below. Define

d:u = pt(zﬂa Jf)dl‘,

a heat kernel measure on M, where dz is the Riemann—Lebesgue measure deter-
mined by g. Consider those differential forms which are square integrable with
respect to du—that is, consider the Hilbert space LZQ’. Let dj, be the adjoint
of the exterior derivative d on LiQ'. The resulting “heat kernel weighted Hodge
Laplacian”

Ay =dd+dd,
is a nonnegative, self-adjoint operator. Let HI = ker A.

1.1 Conjecture. Let (M™,g) be connected, oriented, and complete. Suppose Ricys
> —c for some ¢ > 0. Fixt >0 and x9 € M. Let du be the heat kernel measure
du = pi(xo, x)dz. Then A, has a spectral gap and for 0 < p < n,

Hﬁ = ch Rham(M)'

Why might A, satisfy a Hodge-de Rham theorem for such a class of Riemannian
manifolds? Our evidence is as follows.

The conjecture is correct if p = 0, that is, for A) acting on functions in L2Q°.
Specifically, Theorem 6.1 says ker A), = {constants} and Af has a spectral gap (of
size % for small ). This result extends to complete manifolds a theorem of E. Hsu,
B. Driver, and Y. Hu ([Hs| and [DriH]).

It is reasonable to assume that for a large class of manifolds, the inverse of the
heat kernel is not integrable if M is not compact. For such manifolds, ker A} =
if M is not compact. In fact, there are nonvanishing harmonic n—forms under A,
iff - (;0@) is integrable (Theorem 6.2). If the Ricci curvature of M is nonnegative,
for instance, then Hj; = Hi, gy om (M).

On Euclidean space of dimension n our construction yields an apparently unno-
ticed “Hodge theorem of R™” (Theorem 7.1). Indeed, on R™ with the usual metric,
we have

HP

B {{constants}, p=0
B =

0 p> 0 = ch Rham(Rn)'

Furthermore, A, has compact resolvent. The weighted Laplacian A, correspond-
ing to the measure

1
dy~ = ———dx
pt(zo0, )
also has compact resolvent on R", and harmonic forms under A, bear a topological
interpretation

HZ* = ng R,C(Rn)

(where the right-hand side is the compactly—supported de Rham cohomology of
R™). These facts are in accordance with Poincaré duality on R™.

Let us consider more general du on M: suppose du = e?Mdx for some h €
C*°(M). Each such dp yields a weighted Hodge Laplacian A, which acts in LiQ'.
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Any such weighted Laplacian A, gives the same decomposition theorem on com-
pact M as the traditional Hodge Laplacian A (Theorem 5.12).

The weighted Laplacians corresponding to du = €?"dx and du~ = e~ ?"dx sat-
isfy a duality which is analogous to Poincaré duality on orientable, noncompact
manifolds (Theorem 3.1).

If A, has a spectral gap, then a strong Hodge decomposition of LiQ' can be
found (Theorem 5.10).

The spectral properties of A, on noncompact M depend fundamentally on the
growth or decay at infinity of the density of du. One method for seeing this de-
pendence is to note that for any du, A, acting in LiQ' is unitarily equivalent to
A+ V), for a certain potential V,, acting in unweighted L?Q® (Theorem 4.2).

Such a “Schrédinger operator” form of certain weighted Laplacians was consid-
ered by E. Witten [Wi] in his work on Morse theory on compact manifolds, which
was further explored by J. Bismut [Bi]. K. Elworthy and S. Rosenberg [ER] used a
weighted Laplacian to address the Hopf conjecture.

The Schrodinger operator form allows us to analyse the spectrum of A, in some
cases. Theorem 4.5 shows that if V), indeed behaves globally like a quadratic po-
tential in the simplest sense that it goes to infinity at infinity on M, then A, has
compact resolvent, and thus a spectral gap.

If du is the heat kernel measure, or has similar behavior at infinity, then the
potential V), appears to be comparable to the quadratic harmonic oscillator poten-
tial. Section 8 gives conditions on the heat kernel, in the form of conditions on V,,
which would be sufficient to prove that A, has compact resolvent. Determining
whether these conditions are satisfied in particular cases would seem to depend on
improvements in the current state of “heat kernel estimates” technology.

If M is a complete Riemannian manifold with a nice distance function r(z) =
d(z,S), then it is natural to consider the measure du = exp(—r?)dx, which shares
the asymptotic behavior at large r of the heat kernel measure. In Section 9 we
show that with this choice of measure A, has compact resolvent on two interesting
classes of manifolds (Theorems 9.1 and 9.2).

Even more strikingly, a measure dy with exp(—r?) density along flat cylindrical
ends allows us to show that every topologically tame, noncompact, orientable man-
ifold M has a metric g and measure du such that a strong Hodge decomposition
holds for A, (Theorem 10.2). It is natural to conjecture that on such a manifold
(topologically tame and with flat cylindrical ends) a strong Hodge decomposition
also holds for A, if du is the heat kernel measure.

This completes our list of evidence for Conjecture 1.1.

If M is a complete manifold and du is a heat kernel measure, then A, always
exists and is unique up to precisely two choices, namely the basepoint o € M and
time ¢ > 0. In this sense, the heat kernel weighted Hodge Laplacian A, is a natural
object on a complete manifold. Theorems 6.1, 6.4, and 7.1 are specific evidence
that A, deserves consideration. We are not certain, however, that A, is superior
to other A,/ given by measures du’ with densities of comparable decay at infinity
to that of dpu.

The heat kernel measure pi(xo,z)dz is of particular interest because infinite—
dimensional analogs of this measure seem likely to be natural objects for some
interesting classes of infinite-dimensional manifolds. See [Dril)] for the heat kernel
measure on loop groups. See also the related work [AM], [K1], [K2], and [K3].
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In fact, Theorem 7.1 for A, on M = R" extends to an infinite-dimensional linear
space in the following sense. If B is an abstract Wiener space, so in particular B
possesses a Gaussian measure, and if Ap is the analog of A,, then Ap has a
spectral gap, ker A% = {constants}, and ker A%, = 0 for p > 0. See Theorem 7.5,
a result of I. Shigekawa [Sh]. The corresponding result for dp~ naturally fails to
generalize in this manner.

Briefly, we now summarize what is known for A = d*d + dd*, the traditional
Hodge Laplacian, beyond the successful and well-known compact, boundary-less
case. If M is compact with boundary, then appropriate modifications lead to a
successful theory. See [RaS] or [Chal] for a summary. On certain complete non-
compact M, for instance on hyperbolic manifolds ([Don]), rotationally-symmetric
manifolds ([Dod]), and large classes of noncompact manifolds with either negative
([DonX]) or positive ([EF2]) curvature, the spectral properties of A are understood
to varying degrees. However, these known cases suggest that the spectral properties
of A on complete, noncompact manifolds are far from those of compact M. The
surveys [A] and [L] review many of these facts.

In fact, if M is not compact, then the fundamental isomorphism of Hodge theory

(False!) HP = HE pyon (M), M not compact,

is just not true. In some cases, i.e. if AP has a spectral gap, the right hand side
can be replaced with an L?-cohomology:

(1.1) HP = L2HP if AP has a spectral gap.

We define the cohomology vector space LZH? in Section 5, and then we prove
(1.1)—such an isomorphism is traditionally called a “strong Hodge decomposition.”
There is no a priori reason at all to believe LH? =~ HY .. (M), and in fact such
an isomorphism always fails on noncompact M in at least one of the cases p = 0 or
p=n.

Obviously, no square-integrable harmonic functions exist on Euclidean space
R™, even though by = 1. Furthermore, (1.1) fails on R™. The dimensions of ker A?
differ from the Betti numbers b, = dim H,(M) on hyperbolic space even though
(1.1) holds ([Don]). Other “bad” examples are in generous supply—see [A], [Dod]
and [L].

Indeed, A\ always possesses a symmetry

(1.2) ker AP = ker A"7P
which is at odds with the topological reality for noncompact manifolds
(13) ch Rham(M) = [ch_lg,c(M)}

(see Section 3). For instance, if M™ is connected and noncompact, H, gpam(M™) =
R and HY, gpam (M™) =0, while ker A 2 ker A™.

The weighted Laplacians break the symmetry (1.2). Such symmetry breaking is
required by (1.3), if Conjecture 1.1 is true. See Section 3.

This research was motivated by a suggestion of L. Gross that the heat kernel
measure was the appropriate finite-dimensional analog of the Gaussian measures
used in the few infinite—dimensional cases of Hodge theory currently understood
([Gro]). Professor Gross directed the author to the results of [Hs] and [DriH], as
well as suggesting the possibility of a construction like that given in Theorem 10.2.
Thanks to M. Braverman and to an anonymous referee for helpful comments.
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2. DEFINITIONS AND NOTATION

Let M be a connected, oriented, and complete Riemannian manifold of dimension
n, such that M = (). The connectedness and orientability of M are largely matters
of convenience, but the completeness of M will be essential. Our interest is in the
case of noncompact M, but our results will apply to the compact case.

Denote the space of smooth differential p—forms by 2 and those with compact
support by 2. Let dP be the usual exterior derivative on 2P. Write Q2°® for @Z:O Qe
the space of forms, and Q¢ for the space of compactly supported forms.

Let h be a C° real function on M, and define

du(z) = 2@y,

a measure on M absolutely continuous with respect to Riemann—Lebesgue measure
dz. This will be the measure used in defining the weighted Laplacian, which we will
denote by A, and define below. We will work with both the function h = 1 In %
and the measure du.

As a particular case of such a measure, we will be interested in a heat kernel
pt(xo, ), for a fixed point zp € M and fixed time ¢ > 0, and in the associated finite
measure

du(x) = pe(xo, x)dx.

We define p as the normalized fundamental solution to % = —Ap—see [Dal] for the
existence proof. We take the ordinary Laplace—Beltrami operator /A as nonnegative,
so A = dd in the notation which follows.

We now begin with the serious business of constructing a Hilbert space theory
of the de Rham complex, i.e. a Hilbert space version of

dp—2

_ ar—1!
L2, qpt

dP

p+1
o Lo ogent

which, as it stands, is a sequence of maps on noncomplete spaces of smooth forms
with no natural inner product (in the noncompact case). We will do a natural
thing—we will define an inner product and complete some nice space in this inner
product to get a Hilbert space. The resulting complex is naturally called a Hilbert
complex.

First, there is a standard pointwise inner product on forms on a Riemannian
manifold M:

(6, 9), = (o(z) Axt(x)),

if ¢,9 are p-forms. If ¢,4 differ in degree, then we define (¢,), = 0. Note the
use of the Hodge star operator x : QP — Q"~P_ the definition of which involves both
an orientation and a metric on M. (The text by F. Warner [Wa] is a reference for
these and many other standard facts about forms.)

For every ¢, € QP let

@i, = [ (00, (o)

If dp = dz, then this is just the standard inner product on forms, frequently written

<¢w>=/;¢A*w
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Define L2 QP as the completion of Q2 in the norm [|- ||, =, /(:, ), In fact, LZap

is a space of equivalence classes (up to measure zero) of measurable sections of the
exterior p bundle over M. The inner product extends orthogonally to all of

200 _ 2
Lo =grior
p=0

Now, dP : QP — QP*!is a densely-defined operator in LiQp . It has a well-known
formal adjoint § with respect to the inner product for dp = dz. Given ¢ € QF and
b€ QB

@), = [ @onsetio= [ oA e do
= <¢’ (e—2h5;0+1e2h)1/}>

so e~?"ge is the (formal) adjoint of d in LZQ®. (Concretely, § has the formula
SPHL = (—1)nPHA+L o gnor—1ly on QP —see [Wa), p. 220.)
Consider d and § as acting on Q2. Let

5, =e 25 =5 — 2igy,.

3

©w

Note §(fw) = —ivsw + fow, where ix is interior multiplication of forms by the
vector field X. Also (6,)% = 0 since d* = 0.
Let
D,=d+d,,

with domain €27. Note that D,, has no degree, but that it sends forms of odd order
to forms of even order, and vice versa. Its square

D2 =d® +db, + 6,d + 5, = do, + 6,d
is of degree zero. Furthermore,
D? = db, + 6,d = 2 — 2Ly,

where A = dd + 6d and Lx = dix + ixd is Lie differentiation in the direction
(vector field) X.
Define

Ay =D} =db, + 6,d = A — 2Ly,
a densely-defined (i.e. on ) degree zero operator in L2Q°. Note that on functions
fiLxf=Xf,s0
A) = A" —2Vh.
Since Dy, is symmetric on Q2—(Dyé, 1), = (do, ¥), + (0,9, ¥) , = (#,6,¢),, +

(¢, d),, = (¢, Duy) ,—it is closeable. Similarly A, = D? is symmetric on Q¢ and
thus closeable. With our conventions,

(Duds ), = lldo|l5 + 10,0l = (D¢, Dud), >0

for ¢ € Q2. o
It is clear that D_u =d+ 9, since

imd L imé, in L3Q°.
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We define the two closed operators: d = d and dj, = 3, Of course, (d)* = d;, with

respect to the inner product (-, -) . By our conventions, ST = (ar)* = (dr)Ptt.
By a slight abuse of notation, we define A, to be the closure of A, on Q.

2.1 Definition.
A, is the closure of dé,, + d,,d on Q.

The nonobvious identity A, = ddj, + dj,d remains to be proved. We will do so
in Lemma 5.2.
Moreover, in Theorem 4.3 we will prove that A, is self-adjoint.

3. POINCARE DUALITY IN THE WEIGHTED CASE

Let h be a smooth function on M™. Let LiQ' be the Hilbert space of forms
corresponding to the measure du = et?"dx as before, and introduce L2 Q* cor-

responding to the measure du~ = e~ ?"dzx. Define A, and A~ by the procedure
of Section 2, using the respective measures. Recall that the Hodge x operator is
defined on orientable (M, g).

3.1 Theorem [ER].

*N:w'—>62h*w

is a unitary map from L2OP to Li, Q"~P, and
LAY AN
on 2.
3.2 Corollary.
ker Af = ker ATTP.

Theorem 3.1 is a weighted version of the relation *A = Ax, a symmetry which
yields a quick proof, via the theorems of Hodge and de Rham, of Poincaré duality
on a compact orientable manifold. See [Wa|, pp. 226-227. The symmetry xA = Ax
and its corollary ker AP = ker A" P apply on noncompact M. Theorem 3.3 below
shows the desirability of breaking this symmetry in the noncompact case.

3.3 Theorem (Poincaré duality on noncompact M). If M™ is orientable, then

ng Rham (M) = {ng_g,c(M)} .

Theorems 6.1 and 6.2 imply that if du is the heat kernel measure on a noncompact
manifold with Ricp; > 0, then ker Ag 2 ker AZ. The same theorems also show that
A, is a different operator from A’ where A’ is the ordinary Hodge Laplacian for
(M,g" = el4h)/ "g)—the conformal change of metric which replaces dx by dz’ =
e?hdz.

Poincaré duality follows from showing that the (bilinear) pairingw,v +— [, wAv
for w € QP and v € QP descends to a nondegenerate pairing on cohomology. In
this spirit, we offer
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3.4 Theorem. The continuous, bilinear pairing

LiQP X Li, QP - R

w,V /w/\l/
M

descends to a mondegenerate pairing on Li—cohomology. (See Section & for the
definition of the Lz —cohomology vector spaces Lin.) That is, we have a nonde-
generate continuous bilinear map

2 2 n—
L H? x L, _H"™"  — R
Proof. In fact,

(3.1) ‘/Mw/\y

so the pairing is continuous on the Lz—spaces of forms.
Descent to cohomology requires fM dvANv = 0 for w € Dd|LiQp—1 and v €

- ‘/M@hw) A (e (1) )

< lle"wllaslle™ * vllas = lwlullv -

kerd|r2 gn-». This needs proof in our Li setting, as follows. There are sequences
2

w; € QP! converging to w and vy, € QP converging to v, in the graph norm of
d, on L2~ and L,-Q"P, respectively. Furthermore, dvj, — 0, of course. Now,

dw Av =dw; Avg + (dw — dwj) Avg +dwj A (v — vg) + (dw — dw;) A (v — vg)

and

/dwj/\usz d(wj/\uk)+(—1)p/ wj Adv, — 0.
M M M

Apply (3.1) to show [,, dw A v = 0. Similarly, it follows that [,, w Adv =0if w is
closed.
Finally, to show the pairing on Li—cohomology is nondegenerate, take w €

kerd|pzqr which is not exact (i.e. not in the image of d on Lzap=1). Clearly,

if v = " xw, then [, v Aw = |lw|[2 > 0. But then v is not exact, as shown

above. O

We have shown exactly that

v=-e?"xw is the Poincaré dual of w

in our weighted theory.

4. WEIGHTED LAPLACIAN AS SCHRODINGER OPERATOR

The fundamental results of this section are that the weighted Laplacian A,
acting in L%Q® is unitarily equivalent to A + V,, acting in L*Q® for a potential V,,
(Theorem 4.2) and that A, has compact resolvent if V,, goes to infinity at infinity
(Theorem 4.5).

The unitary equivalence between A, and A + V), is naturally related to the
“ground state transform” in quantum physics. Consider a Schrodinger operator

2
H= —% +V(x) in L*RY)
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possessing both a simple lowest eigenvalue Ay = 0 and a smooth positive ground
state 9. The ground state transform is the unitary map U : f — of which
maps Lfag 1 (RY) = L*(R'), where pidx is the measure for the weighted L*-space

L%, ,,(R") with inner product

fi9— /Rl foesde.

The operator H is then unitarily equivalent to N = U~ HU acting in L? 24 (RY);
Poar
the reader may verify that

Nf =y H(pof) = <—% - (21n<po)’) %f-

Significantly, N is a Dirichlet form operator, that is

/ F(N f)gRda = / ()2 hda.

In this section we will think of the weighted Laplacian A, as N, and we will find
the corresponding H. If one starts (as we have) with a measure of the form e?"dz,
then (thinking “po = €"”), we may “undo the ground state transform”. This is done
in Lemma 4.1 and Theorem 4.2 below. Note that we are ultimately interested in
the measure du = pi(zo, x)dz, for which the “ground state” is po(x) = \/pi(o, ).
4.1 Lemma. Let du = e2"dx on M. The map

U:L2Q° — L*Q°,
w i elw
is unitary and degree preserving.

Proof. Clear. O
For f € C*° (M), following [EF2] we define the Hessian H acting on forms by
(Hyw) (x ZHf X, X)) Nix,w,
1,5=1
where {X;}" ; is an orthonormal basis of T, M, {¢*}?_; is its dual basis, and where
Hf(X,Y)=XYf—(VxY)f

is the classical Hessian of f. Note Hy|, is a symmetric operator on A*T;M with
respect to (-,-),.

4.2 Theorem ([Wl] and [Bi]). Let DY = e"(d + d})e™" = e"de™" 4 e~"de" and

let AU (DU) , as operators in L2Q°. D;[{ and Ag are unitarily equivalent to D,
and A acting in L2Q°. If € € QF, then

D& = (d+0)¢ — dh A& —ivnt,
A€ = A+ |dh|*E — (A°h)E — 2HAE.
Proof. A calculation. We use the formulae

df A (ivyw) +ivy (df Aw) = |df [Pw,

S(df Aw) = (A°f)w+ Hiw — Vyjw —df Adw,
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and
Lyy=Vvy+Hy.

Here V is the Levi-Civita covariant differentiation acting on tensors (forms) and
(as before) Lx = ixd+ dix is the Lie derivative. The paper by J. Escobar and
A. Freire [EF2] is a most useful reference for such formulae.

Then
DY¢ = eMd(e™"¢) + e "5(e"€)
=eM(de ) NEFedE) + e_h(—iv(eh)ﬁ + e"5¢)
= (d+0)§ —dh A& —ivn,
and

ATe = —etd(e Mivng) + eMd(e™"66) — e S(e"dh N &) + e (" dE)
= A&+ |dh’E — (Ah)E — Hin& — Lyné + Vuné,
as desired. O

We see that A, is unitarily equivalent to A = A+V,,, for V,, = [dh|* — (A%h) —
2Hp,. We will show that A is essentially self-adjoint in L?Q*.

It is well known that if M is complete, then A with dense domain Q2 is essentially
self-adjoint in L?Q°®. The original proof can be found in [Ga].

However, P. Chernoff’s [Che] proof of this same fact extends to prove that Af{ is
essentially self-adjoint. Specifically, Chernoff’s method shows that both D = d+§
and DY = d+6—dhA—iyy, are essentially self-adjoint on Q¢ in L2Q°. The identical
argument applies to both cases because the method depends only on the symbols of
the operators. That is, DY = D+ (zero-order terms), and smooth, symmetric zero—
order terms are irrelevant to the essential self-adjointness of a first—order differential
operator on a complete manifold. Chernoff then shows that every positive, integer
power of either D or Df{ is essentially self-adjoint.

4.3 Theorem ([Che], Theorem 2.2). Assume M is complete. Then DE and Af{
are essentially self-adjoint on QF, as unbounded operators in L?Q®. It follows that
D, and A, are essentially self-adjoint on 22, in LiQ'.

c’

As the square of a self—adjoint operator, Af{ is nonnegative.
Now consider the form of Ag when p = €?" is the heat kernel and M = R". In
particular (taking xo = 0 and any ¢ > 0)

pe(z,0) = (47rt)"/26_12/4t,

so |dh|? = —1”é:2, A%h = 2 and
x? n
A=A+ = — — _9H,.
R T

On functions (p = 0 forms), H; = 0 for any f so

n
9?2 x? n

4. AVO— N2 2
(4.3) a 18x$+16t2 4t

1=

Thus A0 is a Schrédinger operator, in the usual sense, with quadratic poten-
tial. And AT has lowest eigenvalue A = 0 because AY? on L?(R") is unitarily
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equivalent to Ag = 6,d on Li(R”)7 which has constant functions in its kernel since
dp is a finite measure.
Compare (4.3) to the Hamiltonian of a quantum harmonic oscillator. In one
dimension,
n? 9%  a?
s L*(R").
2 O0x? + g " (&)
One traditionally removes the ground state energy and rescales to get a number
operator N with spectrum {0,1,2,...}. In fact,
2 2 1 0?2 2?1
N=ZHg_-——_“~ 4 -
h h? h Ox? + 2 i}

H=—

is exactly
0? x? 1

022 T an? (@)
if we identify i = 4¢. (We take an agnostic view of this identification.)

Next, we note that Af{ is the weighted Laplacian featured in E. Witten’s treat-
ment of Morse theory on compact M ([Wi]). Witten writes V, in a different form,
which we outline here. We will use both forms according to convenience.

Let x € M. Let {X;}" ; be an orthonormal basis of T, M and let {¢'}" ; be its
dual basis. Let £ € A*T*M. Note A°f = —tr Hf and ¢ A (ixjf) +ix; (¢i /\{) =
0Y¢, so

Uo _
AT =

—(A°h)E — 2HpE =Y Hh(X;, X;) (09€ — 20" Nix,€)

i
= ZHh(Xl-, X;) ([ix,, ¢'A]) &
i
Rewriting V,, gives:
(4.4) V= |dh|> +> " Hh(X;, X;)[a’, a™],

]
where a™* = ¢'A, @’ = ix, are “fermion creation and annihilation operators.” Of

course, V,, acts in a well-defined manner on (global) sections of A*T*M, i.e. on
differential forms. Note also that

—Fr AN QRr i i€ (k.. Ky ),
+F A AR i E k. k)

in keeping with the “creation” and “annihilation” operator meaning. This is Wit-
ten’s language—in fact, the form of V), is at the heart of his rederivation of the
Morse inequalities on a compact manifold. See [Wi], pp. 665-666, and [CFKS],
pp. 233-234.

To view Ag as a Schrodinger operator, we must generalize our concept of “po-
tential” slightly, from the traditional situation in which a potential is a scalar
multiplication operator. We include the term involving the Hessian of A in our
meaning of potential—(Hp), acts as an operator on the finite-dimensional space
A*T;M. That is, Hy, and V,, are smooth, symmetric sections of End(A*T™M).

Now, in the case of the quantum harmonic oscillator with Hamiltonian H =

2 . e NP .
—% (a%) + %azQ, the potential %x2 goes to infinity at infinity, and this property

[ai,ai*]qﬁkl /\"'/\(bkp :{
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implies that H has purely discrete spectrum consisting of a sequence of eigenvalues
tending to infinity. That is, H has compact resolvent. That

V(z) /400 at oo implies A+ V has compact resolvent

also holds in our case, as we explain in Theorem 4.5.
Recall our intended context for this result. Closed balls Br(y) are compact—this
is the Hopf-Rinow theorem (see [Cha2], p. 26). The “Schrédinger operator” A% is

essentially self-adjoint in L?Q® with core Q2. Since Af{ = (DE)2, it is nonnegative.

4.4 Lemma. Let A be a nonnegative, self-adjoint (unbounded) operator in a Hilbert
space. Suppose C C Dy is a domain on which A is essentially self-adjoint. Then
(1+ A)~t is compact iff

for every sequence {1} C C such that ||| < ¢ and [|Avy| < ¢,

{tn} has a Cauchy subsequence.

Proof. Let {1, } be a sequence as in (4.5). Note ||(1 + A),|| < 2c. If (1 + A)~Lis
compact, then {¢,, = (1 + A)~*(1 + A1, } has a Cauchy subsequence.

Suppose (4.5) holds. Let {¢,} be bounded. Let &, = (14+A) !¢, € D4. Choose
[t} C C such that ¢ —&nl|+ [ Aty — A&y | < 2. Note |6l < 3+ [1(1+4) o0
is bounded. By the spectral theorem, [|Ayy| < L + HHiAtan is bounded. Thus
{¥n} has a Cauchy subsequence, and so {£,} has one also. O

(4.5)

4.5 Theorem. Let V' be a continuous, symmetric section of End(A*TrM). As-
sume
H=A+V
is nonnegative and essentially self-adjoint on Q2. Assume that
v(z) = (smallest eigenvalue of V(x) on N*TiM) /' +oo al oo,
in the sense that there exists y € M such that for each N > 0, there exists R > 0
such that v(x) > N if ¢ Bgr(y). Then

H has compact resolvent.

Proof. Clearly V' is bounded below—assume that v(z) > —1.

Suppose {¥,} C Q2 satisfies ||| < ¢ and ||Hvy,|| < ¢. Let € > 0. We will find
a subsequence {¢y,, } of {¢,,} such that ||1),, — ¥y, | < € for sufficiently large k, I.
By taking a sequence of € tending to zero, and applying the usual diagonalization
argument to the iterated subsequences, we will find a Cauchy subsequence of {,,}.
By Lemma 4.4 this proves (1 + A)~! is compact.

Note

26 > (1 4+ H)thn, ) = (Db, ) + /M (14 V(@) ), da
> /M<<1+u<x>wn,¢n>w dx > /M (1 -+ (@) 2

\Br
Choose R > 0 large enough so that 1+ v(z) > 3¢ for all z € M \ Bg. Then
2
(4.6) / [thn[2dz < =
A\ B 16

The following local fact is used to show /A has compact resolvent on compact
M: if {a,} C Q¢ satisfies ||ay| < ¢ and ||Aay| < ¢, and if m € M, then there
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is some neighborhood U of m such that for any ¢ € C°(U), {pa,} has a Cauchy
subsequence. (Note that this is explicitly stated in [Wa], Chapter 6, in proving
Theorem 6.6.)

So let (U;, cpi)le be a partition of unity associated to a finite cover of Br by
such neighborhoods. In particular, g = Zle @; =1 on Bg and

I
Br Csuppp C U = UUi C M.
i=1
Choose a subsequence of ¢, {tn,}, for which each {3, } is Cauchy. Then

{®¢n,, } is Cauchy, and supp @, C U.
On the other hand,

wv@wwwzf

M\Bg

u—aﬂwmﬁxs/

|1/)nk |2dz7
M\Br

so by (4.6),

62

1 -2, |2 < —.
0= B, I < 5
Choose k, I large enough so that |[Gv,, — Py, || < §. Then

€ € €
O e
Sptiti=e
as desired. O

4.6 Corollary. H = A + V has compact resolvent if M is compact and V is
continuous and symmetric.

5. Basics OF L2—~COHOMOLOGY AND HODGE DECOMPOSITION
IN THE WEIGHTED CASE

We proceed now to reformulate parts of the Hodge theory of compact manifolds
in our noncompact and weighted setting. Let

2 . —
HE = {w e L2QP : Abw =0}

In order to connect HE = ker AL to the cohomology of the operator d”, we need to
carefully consider the Hilbert space structure on p—forms, assuming as usual that
M is complete.

5.1 Lemma. imd”~! C kerd? and im(d},)? C ker(d})P~".

This lemma addresses “domain issues”—that d?> = 0 on Q27! is fundamental.
But in the LiQ' context with densely—defined closed operators d and dj, it con-
tains an important idea: algebraic cancellation “overwhelms” apparent regularity
difficulties in this case. (After all, d is a first order differentiation operator. For
an example of what should worry us, let A = % be the closed operator in L2[0, 1]
with D4 = {f : f absolutely continuous and f’ € L?[0,1]}. Then im A = L?|0, 1],
soimAZ Dy.)

Let

12pp ker dP

® imdr—t’
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a definition justified by Lemma 5.1. The reader must keep in mind that the coho-
mology vector space LiH P is dependent on the weight (measure) du because the
domains of the closed operators dP are determined by du.
An important domain issue is whether
Ay =ddy, + dd?
Recall A, is the closure of dd,, + 6,d on €22, while on the right side we consider the
closed operators d, dj,.

5.2 Lemma.
N, = (D,)? = ddy, +d;,d
i.e. with equality of domains.
Proof. For the first equality, note (by definition)
ID(DM)Z = {w € DDu : Duw S DDu}'

Since D,, is closed and self-adjoint, by [ReS], X.25, (D,,)* = D}, D,, is self-adjoint.
In particular, (D,,)? is closed and is an extension of dd, + 6,d on QF.

But we have proved that dé,, +6,d is essentially self-adjoint (Theorem 4.3), and

A, is its (self-adjoint) closure. Since a proper closed extension of a self-adjoint
operator cannot be self-adjoint, this shows

Au = (Du)2-
That (D,)? = dd;, + d;,d follows from the facts that D, = d + dj,, d?> =0, and
(d%)* = 0. By definition
Ddd;+d;d ={we Dd; ND,:dw e Dd; and dZw € D4},
and we see that this is the same domain as D(p )2 above. O

The following is the standard regularity result for elliptic operators, phrased for
our uses:

5.3 Theorem.

(5.1) ﬂ D(Au)" c Q°.
n=1

We assert the following: (5.1) is well known if du = dx, i.e. for the ordinary Hodge
Laplacian; (5.1) is really local, i.e. if U C M is a bounded open submanifold, and
if a € N, D(a,,)» is supported in U, then a € Q*(U); and finally, only the highest
order part of A, matters, i.e. since A is of second order but Lx is only of first
order, A, = A — 2Ly), has the same elliptic regularity as A. The reader can find
these results in [Wa], [Gal, or [deR].

As a consequence of Theorem 5.3, if € L2Q® and € QF, and if for every
6 € Qe,

(5.2) (Dub.0), = (0.5),.

then in fact o € Q* N Dp, and Aya = B. That is, (5.2) implies a € D )+, but
since A, is self-adjoint, we have a € D, and A, a = 3. But since 8 € D(p ,)n
for any n, we conclude a € N, Da,)n as well.

5.4 Corollary. Hf, C QF, i.e. p-harmonic forms are smooth.
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5.5 Theorem.
Hi, = {w € Dap N Dayp © 2O+ do = 0 and djw = 0}
Proof. Suppose dw = dj,w = 0. Let § € QF. Then
<Aﬁ9,w># = <d;d9,w># + <dd;9,w># = (db, dw)u + <d;9, d2w># =0.

As above, ATw =0, i.e. w € HE.
Let ¢ € HI. Since we have been careful with domain issues above, the compu-
tation

0 < (d, de), + (6, d6) = ((dyd +dd) 6,6), = (A, 6), =0

shows d¢ = d;¢ =0, since ¢ € Dp, implies ¢ € Ddd;—i—d;d C Ddﬁ NDy. (A “con-
structive” derivation of this result is the theorem of A. Andreotti and E. Vesentini—
see [AV] or [deR]—which was itself one of the first theorems addressing the non-
compact case.) O

5.6 Corollary. There is a natural injection jy, : HE — LZHP, given by w — [w].

Proof. By the above, w € HI, implies dw = 0, so j, makes sense. Suppose w]=0
in L2 H?, so w = d¢ for some ¢ € Dy. Then 0 = <d;w,¢>u = (d¢,de), = [|lwl|?, so
w = 0. Thus j, is injective, as claimed. O

The decomposition theorem below is a weak decomposition in the sense that the
closure of the image of dP~! is taken in the decomposition. We shall see that this
is a major issue.

5.7 Theorem (Classical).
L2 =im AL & HE,
= im(d} )Pt & imdP—1 & M,
= (kerd?)" @ imdr—1 & HE.

Proof. Since AL and dP are closed, so
(ker Aﬁ)J‘ —im AL and (kerd?)t = W
we need only prove
(5.3) im Aj, = im(dy)P+! @ imdp—L.
The “C” direction of (5.3) follows from Lemma 5.2.
Suppose a € im(d},)PT! @ imdP~L, so o = lim,, d}cv, + limy, df3,, for a, € Qptl

and 3, € Q1. Let ¢ € H%, so by Corollary 5.4 and Theorem 5.5, ¢ € DaNDg: NP
as well. Thus

(0, @), = lim (0, o), + lim (B, di6), =0

by Theorem 5.5. So « € (Hﬁ)L =im A}, yielding (5.3). |
5.8 Corollary. HJ, = (kerd?)/ (im dl’_l).

The following is logically just a corollary to Theorem 5.7 but summarizes the
main issue in the noncompact case.
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5.9 Theorem. Hf = LiH” iff imdP~! is closed, and in that case the isomorphism
s given by jp.

Next, we address a condition on A, under which the isomorphism of Theorem
5.9 is valid.

We say a self—adjoint operator A has a spectral gap if either 0 is an isolated point
of the spectrum o(A) or 0 ¢ o(A). The existence of a spectral gap of a self-adjoint
operator A is equivalent to the condition that the image of A is closed.

5.10 Theorem (Also classical). If AL in LﬁQP has a spectral gap, then
L2907 = im (43)" @ imd? ™! @ ker AP,
and in particular,
[a¥) 2
HD 2 L2HP.

Proof. Suppose inf o(A,) \ {0} =€ > 0. Let p(z) = 1 for z > ¢ and p(z) = 0 for
0 < z < €. Define the bounded operator p(A,) by the spectral theorem. Also, by
the spectral theorem im p(A,) € Da,,, so A,p(A,) is everywhere defined. In fact,
p(A,) is “almost the inverse” of A, in the sense that

I— AMP(AM) = Ha

where II is the projection of L2QP onto ker A,.
In particular,

Liﬂp =1im [Aup(AL)] @ ker A,
By Lemma 5.2, A, = d},d + ddj, (i.e. including equality of domains), so
App(Bp)w = djydp(Dp)w + ddy p(Ap)w,

thus im [A,p(A,)] € imdy, @ imd. Note that imd};, imd, and ker A, are mutually
orthogonal and so we are done. O

Recalling that A, is elliptic, we see that

5.11 Corollary (Classical). If A, has a spectral gap on LZQ’, then since A\, is
also elliptic in the sense of Theorem 5.3, we have

HP > [2HP m'
® s 1m d|prldep71

The smoothed Li—cohomology group on the right in Corollary 5.11 is not, in
general, isomorphic to HJ, gp.,(M) or Hf g (M). The smoothed group still
involves the quotient of forms with controlled growth specified by dpu.

Now, in the case where M is compact, and for y given by a nowhere—vanishing
density with respect to dz, Al has a spectral gap. Actually, a much stronger
condition holds if M is compact: AP has compact resolvent, by Corollary 4.6. In
particular, AP has compact resolvent, and that fact, along with elliptic regularity,
are the two pillars of the classical proof of the Hodge theorem. If AL has compact
resolvent, then HY = ker A has finite dimension, a conclusion which does not
follow from AF having a spectral gap.

Furthermore, in the compact case,

. 20e 2h
Q*(M) C L, Q° for any measure du = e~"dx.
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We conclude that the Hodge theorem holds with “full strength” for A, on compact
M.

5.12 Theorem. If M" is compact, orientable, and Riemannian, and if du = e*"dx
for h € C>®(M), then
QP(M) =H:, @ imd”~" @ im 651

is orthogonal with respect to (-,-) , and in particular

N?
H,Z = ng Rhum(M)'
Theorem 5.12 can be used to prove that the cohomology of a smooth compact
manifold is of finite rank, since in fact A, has compact resolvent.

6. THE HEAT KERNEL WEIGHTED LAPLACIAN
ON 0—ForMS AND n—FORrRMS

In this section we take du to be a heat kernel measure
du = pi(zo, z)dx

for fixed xyg € M and t > 0.

When using a heat kernel as a density for a measure, it is natural to consider
complete manifolds with Ricci curvature bounded below, because in that case a
heat kernel is unique and has integral one ([Dal], Theorem 5.2.6). That is, a heat
kernel measure dp on M is a probability measure if the Ricci curvature of M is
bounded below.

Theorem 6.1 below is a slight generalization to complete manifolds of a result
which appears for compact manifolds in [DriH]. The original technique of proof is
ascribed to D. Bakry and M. Ledoux in [DriH]. The extension here to complete
manifolds is accomplished using the semigroup domination results of [DonL]. A
stronger result than Theorem 6.1, namely the corresponding logarithmic Sobolev
inequality, appears in [Hs].

6.1 Theorem. Let M be connected and complete Riemannian. If Ricps > —c for
¢ >0 and du is a heat kernel measure, then for k = %(thC — 1) the inequality

(6.1) LI = (0,12 <k (ALES),
holds for all f € DA2~ That is, Ag has a spectral gap and
0 .
H,, = {constant functions}.

Proof. Let f € Q0. For s > 0 define

GmszMwmmm

Define Pof = f. It is well-known that P;f — f as s — 0, PsPyf = Psyo f,
Psf € Dpo, and (P, f) = —A°P, f.
We will prove the inequality

(6.2) |[dPs f| < > Psldf|,

where s > 0 and |w|? = (w,w), if w € Q! For the moment, assume (6.2).
Let ¢ : R — R be a C? function such that ¢” > 0. Define, for 0 < s < ¢,

U(s) = Pr—sd(Ps f).
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Note (0) = Pio(f) and ¢(t) = ¢(P.f). A direct calculation shows

d

Then by (6.2) and the Cauchy—Schwarz inequality,

S0 < P (P PIT) < Py (6" (P P

Take ¢(x) = x2. (The choice ¢(z) = wlogz would essentially lead to a log-
arithmic Sobolev inequality.) Then Pi_, (¢ (Psf)e**“Ps(|df[*)) = 2¢*P(|df|?)
and

(63 P~ (P = = [ Ghds < kPP,

—~

Note (6.3) is an inequality between functions on M, but if we evaluate at y = xo,
we get (6.1), since Py(f?)(zo) = [[fII}, Pef(zo) = (f.1),, and Pi(|df|*)(z0) =
df 1|7 = <A2f,f>u. Finally, note A9 is essentially self-adjoint on Q2, so (6.1)
applies to any f € Do

Now we prove (6.2). We will need to consider heat kernels on domains in M. All
the required facts appear in Lemma 3 and Theorem 4 of Section VIII.2 of [Chal].

Let @ be a regular domain in M. Let ps g(x,y) be the heat kernel associated
to the Dirichlet problem on ). Consider also the integral kernel K ;)Q(x,y) €
End(T}; M, T;; M) associated to the Dirichlet problem on @ for the (ordinary) Hodge
Laplacian A! on one—forms.

H. Donnelly and P. Li ([DonL], Theorem 4.3) show that if Ricps > —c¢, then

—~

HK;Q(I, y)” < escp&Q(xv y)?

where || - || is the norm defined with respect to (-, ), on T, M.
Because dA? = Ald,
(6.4) |dPs.qg] = [P o(dg)| < e*“Ps qldyl,

where g € Q2(Q), (Ps,09)(y) = [, ps.a(y,x)g(z)dz, and for w € QL(Q), (P ow)(y)
=Jo K} oy, z)w(z)d.

Let {Q;} be an increasing exhaustion of M by regular domains. We find in
[Chal] that ps.q, /" ps, and the convergence is uniform on compact subsets of M
for derivatives of all orders. Noting that the support of f is compact, we see

dPsq,f — dPsf and P;q,|df| — Ps|df|,
so |dPs f| < e*“Ps|df| by (6.4), as desired. O
By Theorem 5.10, L>9Q° = H), @ im(d},)" if A, has a spectral gap.
If Theorem 6.1 applies, then as ¢t \, 0 the spectral gap of Ag grows like %

Theorem 6.1 has a simple topological interpretation. Since we assumed M con-
nected, we have

dlmHz =1= bO = dlmng Rham(M)'

Obvious modifications of our methods show dim Hg = bg = (# of connected com-
ponents of M) if M is not connected. In that case, choose one basepoint =§ per
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component M* and work in
20e _ 2 .
L0 = D L}, (g 2)as "

The proof of Theorem 6.1 depends on the fact that Ag is a Dirichlet form
operator:

(805.8), = [ (@ df)api(oo)dn forall €Dy,
M

Since A} is unitarily equivalent to A?r (by Theorem 3.1), and since the latter
is also a Dirichlet form operator, we may identify the kernel HJ} of A} acting on
n—forms.

6.2 Theorem. If o = [, mm@ then

. " 1, a < 400,
dimH), = {07 o oo

If a < 400 then H}; is spanned by

© = lpe(yw0)] "+ 1.
Proof. By Theorem 3.1, w € ker A} iff { = €M xw € ker Ag,. If £ € ker Ag, then

1
0= (A% ¢, :/d,dw_dx:/d,dwidx
(80-66), = | (@ den(dn) = | (06 g
so ¢ is constant. But 1 € Li,QO iff fM mmc < +o00. If 1 € Li,QO then
w = e 2" % 1 spans ker Ay O

It is possible—though we know of no examples—that o@ < +00 for some noncom-
pact and complete M. Confirmation of the following conjecture would be evidence
that the condition “Ricy; > —¢” is indeed a natural geometric condition in our
context.

6.3 Conjecture. If Ricy; > —c then
1
a:/ ———dzr < +oo iff M is compact.
P, To)

Under a stronger geometric restriction, we may verify this immediately.
6.4 Theorem. If Ricy; > 0 then
a < 4o iff M is compact,
and thus
My = Hee Riam (M)

Proof. If M is complete and Ric > 0, then vol M < +o0 iff M is compact ([Cha2],
p. 150). If M is compact, then p is bounded below, so a < 400, but if vol M = 400,
then a = +0. O
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Note that the nth cohomology of an orientable manifold M is easily found by
Poincaré duality (Theorem 3.3):

ng Rham(M) = ng R,C(M)
— {f € C=(M) : df = 0}
= {compactly supported constant functions}
~ )R M  compact,
o, M not compact.

It would seem that in order to prove a spectral gap for A via an inequality
along the lines of Theorem 6.1, we are obliged to identify the kernel HJ in advance.
We expect such a gap to exist, but this may be more than can be asked in proving
a Hodge theorem.

7. HEAT KERNELS AND “HODGE THEORY” ON EUCLIDEAN SPACES

In Euclidean space R™ we may calculate explicitly the heat kernel weighted
Laplacian A, as well as the inverse heat kernel weighted Laplacian A,-. Recall

that pi(x,y) = (47rt)_n/2 exp ((z —y)?/4t). Choose 2o = 0 and ¢t = 1. We ignore

the overall constant (2r) /2.

7.1 Theorem. Let dy = e~ 1224y and let du~ = etlel®/2qy, Define A, and
AZ, in L2QP(R™) and Li,QP(R”), respectively. Then

R =0
(7.1) ker AP = { P
0, p>0,
and
0
(7.2) ker AP =y P
® R, p=n.

Both A, and AZ, have compact resolvent, for all p.
The calculation is straightforward, given the following lemma.

7.2 Lemma. Letw € Q2. Using multi-index notation and the summation conven-
tion, we may write w globally as w = frdx’. Then

& fr 01
7. Ap = T A Nn Z_. d I.
(7.3) Pw ( @0 +x e +pfr)dx
Furthermore, the spectrum of
0 0 ' . 20
A, = _W + xzﬁ acting in L, Q" (R"™)

consists precisely of finite—multiplicity eigenvalues {0,1,2,...}, and ker Ag =
{constants}.
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Proof. Recall that A, = A — 2Ly, on L2Q® if du = e*"dx. Let h(z) = —%, S0
Vh=-3" %52 Then
2Lon(frda’) = di_; o (frda") +i_,i o d(frdz")
dx? dx?

= —d(z'f1) Ni_o_dx! — 2% o dff Adx!
ozt oz

, 9 , .
= - [f]dxl/\ii +x1ij, (d:zrj Ni_a_ +iidxj/\)] da!.
EEY OxJ Bt 9a
Two identities
(i) de' Ni o 4io d'A=6 on A®TIM,
dx? ox?

n
(ii) dez/\iﬁzp on APTIM

=1

pertain, giving

2Lyp(frda’) = <—pf1 - gﬁ) dz'.

Equation (7.3) follows.
Let L = —86—;2 + 22 as an operator in L?(R"). This operator has a well-known
complete orthogonal system of eigenfunctions, namely, the Hermite polynomials

{H;(@)}2,,
Ho(z) =1, Hy(x) = z, Ha(x) = 2 — 1, etc., with
LH; = jH,.

Thus Ag has a complete orthogonal system of eigenfunctions given by “tensor
products”

{Hj (2" Hy (@)}
and so A has spectrum {0,1,2,...}, with ker A), = {constants}. O

Proof of Theorem 7.1. On the one hand,
AL (frda) = (A f1 +pfr) dz,
but also A, = d,d is positive on L2 (R"); thus
ker AF =0 for p>0.
It is easy to check that (f € C?)

0? 9 _a? 0? 9 _a? _?
(‘ﬁ‘%) (e )—[(—w”%)ﬂe +1-fe
on R' and hence that (see also Theorem 3.1)

. 2 . 2
Az, <e_1_2‘_f1dx1) — e (Agf] +(n —p)ff) da’
on R™. Since Ag is positive, this implies that ker Az, = 0 for p < n and ker AZ, =~
R as claimed.
Since Ag has compact resolvent, it follows that both AL and AZ _ have compact
resolvent. a
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In summary,
ng Rham(Rn) = ker Aﬁ, 0 < p < n,
and
ch R,C(Rn) = ker AZ?, 0< p < n,

which we take as a “Hodge theorem for R™.”
Since we may prove (7.1) from (7.2) or vice versa by using Theorem 3.1,
LAY AL
we say that A, gives a “Hodge theory for R™, compatible with Poincaré duality on
R™7

The real intent of this section is motivation—so we ask a final question: What
happens if n = co?

The answer is an analytical can of worms, of course. However, note the essential
heuristic about infinite-dimensional manifolds which are also measure spaces: there
is no Riemann—Lebesque measure, but there may be a well-defined Gaussian mea-
sure. Thus we look for a “Hodge theory” on infinite-dimensional manifolds based on
an abstract Wiener space, which we take here as an “n = co dimensional Euclidean
space with a Gaussian measure.” A Hodge—de Rham theory of infinite-dimensional
manifolds is a current goal among some analysts—see [P] and [Gro].

In the “Euclidean” case, I. Shigekawa proves the following theorem.

7.3 Theorem ([Sh]). Differential forms, the exterior derivative d, its adjoint dp,
and the Hodge Laplacian

Ap =ddg + drd
are defineable on an abstract Wiener space B, and in that case,
A =—LP+p
on p—forms, where LP is essentially the Ornstein—Uhlenbeck operator. It is known
that L is nonpositive, has spectral gap, and has kernel
ker L° = {constant functions}.

Thus we have a strong Hodge decomposition and
~ JB =0,
ker A% = {

0, p>0.
The case of an abstract Wiener space corresponds to the measure dy of this sec-
tion. The measure du~, which has large density with respect to Lebesgue measure,
naturally fails to exist if n = oo.

8. CoMPACT RESOLVENT FOR THE HEAT KERNEL WEIGHTED
LAPLACIAN: SUFFICIENT CONDITIONS

In Section 4 we showed that A, was unitarily equivalent to a Schrédinger oper-
ator. That is, Af{ =A+V,on L?Q°, where

V= [dh* + Y Hh(X;, X;)[a?,a™].
i
On the other hand, in Section 6 we showed that, in reasonable generality, the
heat kernel weighted Laplacian A, has spectral gap when acting on functions. In
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Section 7 we showed that in Euclidean space this operator in fact has compact
resolvent on forms of all degrees.

Using the form of V), above, we give in this section sufficient conditions on the
density e2" (for instance, on the heat kernel p;(xg,-)) such that Af{ has compact
resolvent on the Hilbert space L?Q® of forms of all degrees. Our conditions take
the form of asymptotic statements about the derivatives of h. Note that for the
heat kernel density, h(z) = 5 In p;(20, ).

8.1 Theorem. Let h € C*°(M). Let

|Hh|, = max
YeT, M

il

and let {X;}7, be an orthonormal basis of T, M. If
(8.1) |dh(z)|  goes to oo at oo

and if there exists K C M compact and ¢ < 1 such that for all x € M\ K,
c

(8.2) [Hhlz < E|dh(x)|2,

then V), goes to oo at 0o, and thus

Af{ in L?Q® has compact resolvent.

Proof. Note that on A*T*M, ||[a’,a™]|| < 1. If & € A*T M, then

Y HWX, Xj)[a?,a™a| <Y [HA(X;, X;)||o] < nl|HA|||al.
i,j ,J
If (8.2) holds then
Vu(z)a] = (|dh(z)]® = nl|Hh||2) la] > (1 - ¢)|dh(z)[*|al,

so by (8.1), V() goes to oo at co. Apply Theorem 4.5 to conclude Af{ has compact
resolvent. O

Fix ¢ > 0 and consider the heat kernel measure du = p(zo,x)dz. At least

heuristically,
(8.3) pt(zo,x) compares to Ae~Bd(zo.x)*

for some constants A, B > 0. It is therefore reasonable to expect

(8.4) |dh(z)| ~ d(xo, x)
and
(8.5) |Hh||, is small compared to |dh(z)|? for large x.

In the Euclidean case, ||Hh||, is constant and |dh(z)| = c(t)|z — zo|-

The heuristic given in (8.3) has substantial confirmation in a large selection of
heat kernel estimation theorems, for which [Dal] is perhaps the most accessible
reference. We find there that if the Ricci curvature is nonnegative, we have the
following actual situation.
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8.2 Theorem ([Dal], Theorems 5.5.11 and 5.6.1). If Ricys > 0, then
—d 2
R
and for all 6 > 0, there exists as > 0 such that

pulo,w) < as (vol Blao, /%)) exp ((f_ox)) .

4(1490)t

These bounds do not hold if the Ricci curvature is merely bounded below, but
the Gaussian character remains for many purposes (see [Dal]).

On the other hand, the “reasonable” heuristics (8.4) and (8.5), on the spatial
derivatives of the logarithm of the heat kernel, are not well represented in the heat
kernel literature. Note, however, that [Da2], [Gri], [St], and [MS] consider the
derivatives of p;(zo,-) or h. Positive results include:

8.3 Theorem ([MS], (0.3); [MS], Corollary 2.29; and [St], (0.3)). Let M be com-
pact. Fiz xg € M. Let hy(x) = In pi(xg,x). Then
_d(‘IOa $)2

4

uniformly on M. Let E(z) = Yd(zo,2)?. Let C(xo) be the cut locus of zg. Then
E is smooth on M \ C(x¢), and

lim ¢ dhy = —dFE,
)

}{r(l)t hi(x) =

limtHh; = —HE
N0

uniformly on compact subsets of M \ C(zo).
Finally, there exists ¢ > 0 such that

z0, T)>
max {|dh(z)|?, | Hh| ms.(z)} <c (M i 1 )

42 2t
for all (t,z) € (0,4] x M, where || - || 5. is the Hilbert-Schmidt norm on the finite

dimensional Hilbert space T, M. (Note that || A|| < ||Allm.s. < vnl|All if A acts in
the n—dimensional space T, M.)

Thus, though it is reasonable to expect that the hypotheses of Theorem 8.1
apply to h(z) = %ln pt(zo, x) for a large class of noncompact and complete M,
nevertheless proving this is a nontrivial application of modern “heat kernel esti-
mates” technology. Specifically, we need to know that the first spatial derivatives
of h grow sufficiently fast, and we need to know that the second spatial derivatives
of h are in a certain sense small compared to the first derivatives.

It is worth recalling here that if the hypotheses of Theorem 8.1 were to apply to
the heat kernel on some manifold M, then (by Theorem 5.10) HF, = LZHP for 0 <
p < n. The topological significance of H%, in particular its relation to HJ, gy, (M),
would remain undetermined.

2
9. WEIGHTED LAPLACIANS FOR du = e dx IN THE
PRESENCE OF A DISTANCE FUNCTION r(z) = d(z, S)

Assume M is connected, noncompact, orientable and complete.
In this section we show that if M has a “good” distance function r—the precise
meaning given below—then the weighted Hodge Laplacian Af{ built from dyp =
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exp(cr?)dz, ¢ # 0, has compact resolvent. Theorems 9.1 and 9.2 will show that
certain manifolds with soul and pole (respectively) have just such an r.

Let us calculate the form of the weighted Laplacian Ag, assuming the existence
of a smooth (C°°) distance function on M \ S

r:x—d(z,S)

for S a compact subset of M.

Let h(x) = §r? for ¢ € R. For now we are interested in local calculations away
from S, where h is smooth. Letting du = e*'dx, we have equation (4.4), which
gives AU A +V,. We will simplify the potential

V,, = |dh|* + Z Hh(X;, X;)[a?,a™].
ij=1
First, |dr| =1, so
|dh|?* = ¢*r?.
Second,
Hh(X,Y)= (XY -VxY)h=c[X(rYr) —r(VxYr)]
=c(Xr)(Yr)+cerHr(X,Y),
and since (dr @ dr)(X,Y) = (Xr)(Yr), we write
Hh =cdr®dr+crHr.
Now,
Hr(X,Vr)=XVr(r) —VxVr(r) = X (Vr,Vr) — (Vr,VxVr)
=X(1) - %X (Vr,Vr) =0,
recalling V is the Levi—-Civita connection. Thus we can choose an orthonormal

basis {X; = Vr, Xo, ..., X,,} diagonalizing dr ® dr and Hr, giving

ZHh X, X;)[a,a™] = c[a*, a* —|—C’I"ZH7" X, Xi)[a?, a™].

1,7 1=2

Let \; = Hr(X;, X;). Thus in local coordinates away from S,
(9.1) V, = c*r? + clat, a —|—C’I"Z)\a at

As an illustration, if M = R™ with the Euclidean metric and S is the origin,
then /\z = 1/’["

We are interested in finding AU with spectral gap, or more specifically, compact
resolvent. Recall AT =A+V, has compact resolvent if V,, goes to oo at co. Note
[a*,a™*] has norm 1 pomtw1se. Clearly, it would suffice to show

max Al =o(r) as r— o0
2

to show Af{ had compact resolvent. But we suspect that in many cases

max || =0(1) as r— o0
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or even
1

max [\ =O0(=) as r— oo,
7 r

in the case of nonnegative curvature, as suggested by the following.

Let M be a noncompact, complete Riemannian manifold with nonnegative sec-
tional curvatures. J. Cheeger and D. Gromoll ([CG], Theorem 2.2) have shown
that M must have the structure of a vector bundle over a compact submanifold.
Specifically, such an M contains a compact, totally convex submanifold S, with
0S = 0, such that M is diffeomorphic to the normal bundle NS of S. We say that
M has soul S. J. Escobar and A. Freire [EF1] suggest a further technical condition
on M = NS, namely that

exp: NS — M

gives the diffeomorphism. In this case, it is known that r(x) = d(x,S) is indeed
smooth on M \ S and that

0<A <

S| =

9.1 Theorem. Let M™ be a noncompact, oriented, complete Riemannian manifold
with nonnegative sectional curvatures. Let S be a soul of M, and assume exp :
NS — M s a diffeomorphism. Let r(x) = d(z,S) and let h be a C* function on
M which equals %7‘2 (c #0) in the complement of a precompact neighborhood of S.
If dp = e*Mdx, then

Af{ acting in L*Q® has compact resolvent.

Proof. By [EF1], Lemma 1.2, r is smooth on M \ S, and
1
0< Hr(X,X) < -|X|?
T

forany X e T,M,x € M\ S.

Equation (9.1) holds, away from S. Since 0 < \; = Hr(X;, X;) < %, and
l[a®,a™]|| = 1 as an operator in the inner product space A®*TM for any € M,
we see

n
V =c*r? +clat, o] + ch)\i [a’,a™] > *r? —en
i=2

as a symmetric operator on A®T M. As c¢?r? —cn goes to 0o at oo, Ag has compact

resolvent by Theorem 4.5. O

A special case of a manifold with soul S is that of a manifold with pole, i.e. for
which there exists a point g € M such that

exp: Ty, M — M

is a diffeomorphism. If M possesses a pole, then M is complete and diffeomorphic
to R™.

Theorem 9.1 applies to nonnegatively curved manifolds with pole. Note that we
may reach the same conclusion on certain nonpositively curved manifolds with pole,
as follows.
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9.2 Theorem. Let M™ be a manifold with pole xo. Let r(z) = d(z,z0) and let
h be a C*° function on M which equals %7"2 (¢ # 0) outside of Be(xo), for some
€ > 0. Let du = e*"dx. Suppose the sectional curvatures of M are nonpositive and
bounded below; that is, suppose there exists 3 > 0 such that for every x € M and
every plane w in T, M we have

—-3? < K(m) <0.
Then
mlax|)\i| =0(1) as r—o0
and therefore

Af{ in L*Q°® has compact resolvent.

Proof. We use the Hessian comparison theorem. We compare M to the simply
connected hyperbolic space of constant sectional curvature N™ and to Euclidean
space R"™.

Take Ky = —32. If p(z) = dn(z,0) is the distance function on N, then ([GW],
Example 2.25)

Hp = BcothBp(gn —dp@dp),

so if {Y1 = Vp,Ys,...,Y,} is an orthonormal frame on N, and p; = Hp(Y;,Y:),
then

w1 =0 and p;=pGcothfp for ¢2>2.

Let 2 € M be a point r = d(z, z¢) from the pole, such that r > e. Choose y € N

such that » = dy(y,0). Then the Hessian comparison theorem for manifolds with
pole ([GW], Theorem A) shows that

‘max A < min p; = feothfr = O(1)
1=2,...,n 1=2,...,n

since Ky > Kny.
Similarly, since Ky < Kgn =0, we have

. 1
min A\; > —.
1=2,...,n r

10. EVERY TOPOLOGICALLY TAME MANIFOLD HAS A
STRONG HODGE DECOMPOSITION

In this section we will choose both a metric g and a measure dy on a smooth
manifold—under a topological restriction—and show that the resulting Ag has
compact resolvent. By this construction, we conclude that “every topologically
tame smooth manifold has a strong Hodge decomposition,” for a suitable Rie-
mannian metric and a suitable measure.

10.1 Definition. Let M be a connected C'*° manifold without boundary. We say
M is topologically tame if there exists a compact manifold N with boundary such
that M is diffeomorphic to the interior of N.

Note that both compact manifolds and vector bundles over compact base mani-
folds are topologically tame.
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10.2 Theorem. Let M™ be a C°, orientable, connected, and topologically tame
manifold. There exists a metric g and a finite measure dyp with smooth density with
respect to dx such that

(i) (M™,g) is complete Riemannian, and
(i) Ag in L?Q® has compact resolvent.

Under the metric g, the ends of M are flat cylinders near infinity. The density of
the chosen measure du behaves precisely as exp(cr?) near infinity on the ends, for
any chosen ¢ # 0.

Proof. We may take M to be the interior of a compact manifold (with boundary)
N. Let T be a neighborhood of ON in N such that

T = (0,400] x ON.
Since ON is compact, the interior part of 7' can be decomposed into a finite list of
disjoint open “ends”:
k

T\ {+o00 x ON} = | | E;

where for each j there exists a diffeomorphism
@, Ej — (0,400) X Qj, Q?_l compact , 0Q; = 0.

Let & : M — [0,1] be a C*° function with compact support such that o[\ £,)
= 1. Let

& =(01-2%)" xg

so & is C*° and supported in F;, and Z?:o & =1lon M.

Choose any Riemannian metric go on M and any g; on ¢);. Taking the standard
metric gg on (0,4+00), let

k
9="E&g0+ > _&@i(gr D gj)-
j=1

Then (M, g) is complete Riemannian, since each end E; of M is a straight cylinder
of infinite length, so closed balls of finite radius are contained in easily constructed

compact subsets of M.
Let hj(r,z) = $r? on (0,+00) X Q;. Let

k
h=3 &(hjop)),
j=1

so h is C> on M, and |h| — oo at co. Let dp = e*"dx. Construct A = A+V,
in L2Q°:

Vi =|dh* + ) Hh(X;, X;)[a’, a™].
i=1
Consider a single end E;. Recall & had compact support in M. Let E’j =
Ej \ supp&o, and write r for 7 o ;. Then g = ¢i(gr ® g;) and h = §r° on

Ej. Let U be a coordinate chart on Q;, and let U = <pj_1 ((0,00) x U) N Ej. Let
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X5, ..., X, be orthonormal vector fields on U, and let X; = % on (0,00). Then
{((pj_l)* (Xj)}::1 are orthonormal on U.
Now,
Hr =0
on U, since (Vx,X;) (r) = 0 on (0,00) x U for k,1 > 2, and
H(ro ;) (07 )e(X), (07 1)«(Vr)) =0
for any X on (0,00) x U. Thus
Hh = cpi(dr @ dr)
on U. Since |Vr| =1,
|Vh| = ?r?
on E; and
V& = € + clat, a'*]¢
on ¢ € Qf supported in Ej, where a'*€ = dr A €.

Since the above applies to every end E;, we see that V,, goes to oo at oo if ¢ # 0,
SO Ag has compact resolvent by Theorem 4.5. O

The idea of the above proof is to turn each “end” of M into an infinitely long
flat cylinder, and then use the “distance along the end” function r to construct the
measure du = exp(cr?)dz and the associated potential V. Note that r is not a true
distance function, but it is indistinguishable from one for large r. Note also that if
M is compact, then the proof reduces to just choosing a metric g and constructing
/A—for we can choose §y = 1 on all of M.

We confidently

10.3 Conjecture. Let M™ be a C*°, orientable, connected and topologically tame
manifold. Choose g as in Theorem 10.2, so (M™,g) is complete and has flat cylin-
drical ends. Choose t > 0 and xog € M. Let

du = pi(xo, z)dz.

Then
Af{ in L?Q® has compact resolvent.
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